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let rec x = (fx) in · · · 5 ♥ 6
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rec x = (fx)
?A<U?N[a?Nc1cWJ>4=}|RT?NE>RTLA[LAJ
x = f(λz.Yfz)
1c1@CEURT[SE>/WR<U?`Fﬁ4£Z3?A[LA[WyTFXW4O1[W4£J>4#ZO@WJP<RT}A4@1[1ZEHRwLj[1<3
<>RT[1ZO4
x = λz.Yfz
|cW@CE8[WLNEJH4=ZO@1JH<>Rw}j48}?Ayw@W4#<LNK?N[|FA3|Rw[dXK1 [MLON.PRQ
C
QWLA[W42?`FﬁJHREH4
let rec x = X in · · ·
LjJK?N[|F
X
cW@CE,E>/1RT<R<<>@WcCMG4#ZEE>L?N[Rw25V$LAJ>EH?N[!E,J>4#<GEHJ>RZEHRwLj[TS
URVWXU%Y(%Z[\Y]^_U`ab]cdeU`
X f
U\gXeU-ihbjTjﬀh
bkH\jﬀhlU`mU\gXnee]cdAo
xp
;T6
ﬁ
>~ﬀ./WR<U?jZE>@d?NyTywFJ>4343JP<E>Lq9 ?N[dXCRw[  <URw25VWyT432543[!EP?E>RTLA[LAKJ>4#ZO@WJP<RTLA[r;T63ge>~$/W43JH4
EH/W4aJH4=Z3@WJH<>RT}A4S}?NJHRT?AcWyw4R<ﬁRT[!E>4=J>VWJH4OEH4=X ?A<E>/W4a}?Ayw@W4LNY?uJ>4#</ 254325LjJ>FZO43yTy{/WRTZP/vZ=?N[vc$4?A<H<RTiA[14=XE>L?A[1X
XW43JH4O43JH43[dZO4=XW1 [sLON.PRQ
C
Q+ E>/W4y?E>E>43J£LAV$43JP?E>RTLA[RT<Rw25VWyTRTZ3RE#?j<Y?NyTy_}?NJHRT?AcWyw4#<?NJH4Ac|FXC43 ?N@WywE=2£@CEP?NcWyT4AA1~4
?jXCLAVWEUE>/14)25LjJ>443BCVWywRZORwEY<F|[!EH?NBSLAt7WQ:9 .9?N[1XWRw[  <Rw[!EH43JHVWJ>43EH?NE>RTLA[LN?ﬁJH4=ZO@1JH<>Rw}j4£XC431[WRwE>RTLA[
rec x = X
Z3?N[cd4
XW4=<HZOJHRwc$4=XS?A< LjywyTLﬀ<3
x = let r = ref(raiseUndefined)
in r


X∗ u ( v r)
5 ♠ 6
/143JH4
X∗
R<LAcWEH?NRT[W4#XJHLA2
X
c!FJ>4=VWy?AZORT[WiS43}j43JHFaLCZ3Z3@WJ>JH43[dZO45LN
x
c|F?A[u4OBCVWyTRTZ3REXW43JH4O43JH43[dZORT[Wi
( v r)
LNE>/W4
?j<><>LCZOR?EH4=XDZ343yTy
5

LAE>RZO4E>/1?NEﬀ 4YZ=?N[W[WLAEXW4O1[W4
X∗
?A<
(λxX)( v r)
<RT[1Z34
r


X∗
LA@1yTXDE>/W4=[?NyT?`FC<  ?NRTy
6
./WRT<
<>432?A[jEHRTZ=<LNJ>4#ZO@WJP<RTLA[<GEHRwyTy XCL|4#<[WLNEyT4OEY@1<Y@d<4)E>/145WBCVdLjRw[!E4=!@1?NE>RTLA[
(♥)
<RT[1Z34)RwEH<cdLCXCFaR<EHJH?A[1<y?EH4=XRw[!E>L
f( v r)
 /WRZP/?NyT?`FC<YJP?NR<>4=<£?A[4OBWZ343VCEHRwLj[
5
@W[1yw4#<><E>/14Z3LA25VW@CEP?E>RTLA[LN
f
XCL|4=<[WLNEE>4=J>25RT[1?EH4
6
8w8<?25?NEEH43J
LA  ?jZE=REYR<[WLNEYLjc!}|RTLA@1<8EHLSXW4=<>Rwij[?S<4=2?N[!E>RZ3<LNJ>4#ZO@WJP<>RwLj[E>/1?NE£?NyTywLﬀ<8@1<EHL@d<4
(♥)
5./1RT<LA@WyXaJH4=!@WRTJH4
RT25VWyT432543[!E>RT[Widdc|FD254#?N[1<LA_?<GEP?E>RZ?A[1?NyTFC<R<LAJ8Rw[1<EH?A[1ZO4jCE>/14J>4#<GEHJ>RZEHRwLj[SRTXC4=[!E>Rw14=XSRT[8;w6
ﬁ
>~dLjJﬀ?ﬁZOLj[1<4=J>}?NE>RT}A4
?AVWVWJHL`BCRw2?EHRwLj[5LNRE#|Rw[LjJHXC4=JKE>LLAcCEP?NRT[ﬁ?<H?4UZ3LA[1<E>JH@1ZE#NEH/1?EXCL|4=<_[1LNE RT[!E>JHL|XW@1ZO4ﬀJH@W[Cz{E>RT254U4=J>JHLAJP<3./W4Uy?AZ3LN
<>@1ZP/?Y<>432?N[!E>RZ3< ?N[1X5<EH?EHRTZ?A[1?NyTFC<R<,4OBCVWy?NRT[1<K/|FJ>4#ZO@WJP<RTLA[)R<K@1<>@1?NyTywF)<F|[!EH?jZEHRTZ=?NyTywFJH4=<E>JHRZE>4#X)Rw[ﬁZ=?NyTyz~c|Fjz~}?NyT@W4
y?N[1iA@1?AiA4=<=

43}j43J>E>/W4=yw4#<><=E>/W4=J>4ﬁ/d?A<cd4=43[JH4=Z343[!E>yTF<>LA254Rw[!E>4=J>4#<GERw[4OB|E>4=[1XCRT[WiaJH4=ZO@1JH<>RwLj[ Rw[@W[1ZEHRwLj[1?NyVWJHLAijJH?A2)25RT[Wi
y?N[1iA@1?AiA4=<=REH/}?NJHRwLj@1<25LNEHRw}?EHRwLj[1<=xb1LAJDRT[1<EH?A[1ZO4jx9 ?N@1[1ZP/|cW@WJHFyI?Ny{	; =C86`^z>8V$LART[!EDLA@WEﬁE>/W4[W434#XLAJD?A[
43B|E>43[dXC4=XaWBCVdLjRw[!EE>LD25LCXC4=y,Z3RwJPZO@1RE8434=XWc1?AZ3SRT[M{
B2|}
Q
DﬀD
RwE>/25LA[1?jXW<
5
1
6
Jwﬀ[1LNE>/143J2?MGLAJ825LNE>RT}?EHRwLj[aRT<RT[
EH/W4£[1434=XLAJ2£@CEH@1?NyTywFJH4=ZO@1JH<>Rw}j4Y25L|XW@Wyw4#<k;T6A^|R~|OC6A6NeNf>~7CRw25RTyT?AJ>yTFAdE>JHF|Rw[WiﬁE>LD43B|E>43[dX?NJPXC43yTyTR <ﬀJH4=Z3@WJH<>RT}A4
JH4=Z3LAJPXD<>432?N[!EHRTZ=< LALjcCMG4=ZOEH<; g1deC6>EHLLjcCMG4=ZOEH<RwE>/S<GEP?EH4?AyT<>L5Z3?NyTy< LjJ?ij43[W4=JH?Ay11B|V$LART[!EJ; e >{-1 [2)L!<GELA E>/14=<>4
LAJ(3C<3 ?Z3LA2525LA[RT<H<@14EH/1?E/1?j<E>Lucd4RT[|}A4#<GEHRwi!?E>4#XR<)/WL JH4=Z3@WJH<>RTLA[<>/WLA@1yTXRw[!EH43JP?AZE5RwE>/vZOLj2)V1@CEH?NE>RTLA[1?Ay
43$4#ZEP<3?DE>LjVWRTZ/WRZP/R<?AXWXCJH4=<H<>4=XRT[y; =CK6=fW6z>~. LRwyTyT@1<GEHJH?NE>4£E>/WR<VdLjRw[!E#yw43E@1<<>4345?N[a43BW?N25VWyT4AbWLjywyTLRT[Wi
EH/W4WBCV$LART[jEU?AVWVWJHLj?jZP/E>LLjcCMG4=ZOEH<=C 42?`FDXC431[W4LAJRT[1<EH?A[1ZO4Y?)VdLjRw[!EﬀLjcCMG4=ZOE?j<LAyTywLﬀ<=
point = let rec self = {pos = ref 0,
move = λd(self .pos
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v self .pos + d)}
in self
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C u Γ ` M : τ, α C ` β 6 α
C u Γ ` M : τ, β C u Γ, x : τ ` x : τ, 1
C u Γ, x : τ ` M : σ, a
C u Γ ` λxM : (τ
a
−→ σ), 1
C u Γ ` M : (τ
a
−→ σ), α C u Γ ` N : τ, β
C u Γ ` (MN) : σ, a ∧ α ∧ β
C u Γ ` unfold : (τ rbox
0
−→ τ), 1
C u Γ, x : τ rbox ` M : τ, 1
C u Γ ` %xM : τ, 1
Figure 1: The Type and Binary Effect System
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p, q . . . ∈ EVar  $&  ﬃ ﬁ   "
a, b, c . . . ∈ {0, 1} ∪ EVar   &  
α, β, γ . . .
w
w
a | (α ∧ β)  $&    ﬁﬃ   ! # 
τ, σ . . .
w
w
t | (τ
a
−→ σ) | τ rbox 
	  ﬃ
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C u Γ ` M : τ, α
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C
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 E>/1?NEﬁRT<?1[WRwE>4a<>4OELA
RT[W4#j@d?E>RTLA[d<
p1 6 α1, . . . , pn 6 αn
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C ` β 6 α
d/WRTZP/a?AJ>4YV1J>L}j4=X
c|F2)4#?N[1<LA?A[RT[C43JH43[dZO4<>F|<E>4=2t/WRZP/</WLj@WyXDc$4YLAc|}|RwLj@1<=![d?N2543yTF+
C ` 0 6 α C ` α 6 1 C ` α 6 α
C ` α 6 γ C ` γ 6 β
C ` α 6 β
p 6 α , C ` p 6 α C ` (α ∧ β) 6 α C ` (α ∧ β) 6 β
C ` γ 6 α C ` γ 6 β
C ` γ 6 (α ∧ β)
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C u Γ, x : τ ` M : σ, α
 4Z=?N[ ?Ny<LRw[W43J
p 6 α, C u Γ, x : τ ` M : σ, p
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/143JH4
p
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η
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M
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(τ rbox
0
−→ τ)
e* 
λx.M(unfold x)
z
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oz %b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Lj[WyTFﬁ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C u Γ, x : τ ` M : σ, α C ` a 6 α
C u Γ ` λxM : (τ
a
−→ σ), 1
 
ﬃ),+  - 	$ )
1 [ LjJHXW43JE>LVWJHL}A4)EGF|V$4ﬁ<>?N4OEGFA 45dJH<E4OB|E>4=[1X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C u Γ, ` : τ ` ` : τ rbox, 1
C u Γ, ` : τ ` P : τ, 1
C u Γ, ` : τ ` ((set `)P ) : τ, 1
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/14YJ>@WyT4=<LjJ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(PN)
?N[1X
(V Q)
?NJH4E>/W4<H?N254Y?A< E>/14YLA[W4LjJ
(MN)
W?N[1XS?NJH4LA25RE>E>4#X
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S

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S
v./1?NEﬁRT<=?
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Z3LA[CdiA@WJP?EHRwLj[/1?j<£EH/W4SLAJH2
(S,E[(unfold `)])
REH/
` 6∈ dom(S)
FEH/W4n LAJHLAyTy?NJHFeW eWCR_<>@1ZP/S?)Z3LA[CdiA@WJP?EHRwLj[DR<J>4#?AZP/W4#XDXC@1J>RT[Wi)E>/W4Y4=}?NyT@1?EHRwLj[LA,?A[43B|V1J>4#<><>RwLj[
EH/1?EﬀR<
(∅, M)
∗
→ (S,E[(unfold `)])
RwE>/
` 6∈ dom(S)
4/1?`}A4
E = E0[((set `)E1)]
1~ER<4=?j<FﬁE>LZP/W4=Z3ﬁE>/1?NE<>@1ZP/?N[4OBCVWJH4=<H<>RwLj[DR<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EGF|V1?AcWyw4j
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C	C	B
g1T6A
   ﬁﬃ   ! #  ! 

! ﬁ & E0[((set `)E1[(unfold `)])]  ﬁﬃ # !/
	   "'
ﬁﬀﬀﬃﬂ15EH/W44OBCVWJH4=<H<RTLA[
(unfold `)
/d?A<4O+4=ZE
0
 QSLAJH4DV1J>4#ZOR<4=ywFjRw
C u Γ, ` : τ ` (unfold `) : τ, α
R<)?}?NyTRTX
MG@dXCiA4=2)4=[!E=E>/W4=[v 4S/1?`}j4
C ` α 6 0
!1~EDR<4=?j<FE>LZP/W4#Z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E
|Rw
M
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0
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E[M ]
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((set `)E1[(unfold `)])
RT<ﬀ[WLNEEGF|V1?Nc1yw4j1<RT[1Z34
set
JH4=!@WRTJH4=<RwEH<<>4=ZOLj[1X?NJHiA@W2543[!EE>L5/1?`}j4843$4#ZE
1

.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¥Q
C	C	B
g1 eC
$% C u Γ, x : τ ` M : σ, α  # ' C u Γ ` V : τ, β 

 # C u Γ ` {x7→V }M : σ, α 
ﬁﬀﬀﬃﬂ1RE)RT<£4=?j<FE>L<>434EH/1?E}`?Ayw@14=</d?`}A44O+4=ZOE
1
EH/1?E£R<=Rw
C u Γ ` V : τ, β
R<£?S}?AywRXMG@1XCij432543[!E=EH/W43[
C u Γ ` V : τ, 1
RT<8}?NyTRTXaE>L|L
5
c!FRT[1XC@dZE>RTLA[LA[EH/W4)VWJ>L|LA_LNKE>/14£1JP<E MG@1XCij432543[!E
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./W4=[a 45<>/WLxE>/W4 94=2)2?
c|FﬁRT[1XC@dZE>RTLA[LA[E>/14YVWJ>L|LA LN
C u Γ, x : τ ` M : σ, α
1?A[1XDc|FDZ=?A<>48Lj[DEH/W4Yy?A<EJH@WyT4@d<4#XDRT[E>/WR<VWJHL!LAG-1~EH/WRT<R<
?A[?BCRwLj2SCREH/
M = x

σ = τ
?A[1X
α = 1
|E>/W4=[S 4Y@1<>4E>/14 ?AZEEH/1?E
V
/d?A<4O+4=ZOE
1
E>LﬁZ3LA[1Z3yw@1XW4AK1~E>/WR<ﬀR<?N[
?NBCRwLj2 RwE>/
M 6= x
1EH/W43[4Y@1<>4E>/W4 ?AZE#1/WRZP/SRT<U4=?j<FEHLﬁVWJHL}A4j|E>/1?NEﬀR
C u Γ, x : τ ` M : σ, α
?N[1X
x
RT<[1LNE
JH434RT[
M
|EH/W43[
C u Γ ` M : σ, α
wﬀyTyE>/W4LAE>/W4=J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5
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α
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M
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C u Γ ` ∅
C u Γ, ` : τ ` S C u Γ, ` : τ ` V : τ, α
C u Γ, ` : τ ` S[`


V ]
?A[1XE>/W4=[E>LZOLj[C1iA@1JH?NE>RTLA[1<=
C u Γ ` S C u Γ ` P : τ, α
C u Γ ` (S, P ) : τ
¥Q
C	C	B
L
	QdN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g1
ﬁ

$% C u Γ ` (S, P ) : τ  # ' (S, P ) → (S′, P ′) 

 # 

ﬁ     Γ′ * &



 C u Γ′ ` (S′, P ′) : τ # ' Γ′ = Γ !$ﬁ Γ′ = Γ, ` : σ ! ﬁ  !'&  ` # ' σ 
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(S, P ) → (S′, P ′)
EH/W43[
P = E[R]
LjJ<>LA25443}?NyT@1?NE>RTLA[ Z3LA[!E>43B!E
E
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J>4#XC4OB
R
8?N[dX
P ′ = E[Q]
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/W4=[EH/W4V1J>L|LNLAE>/14DMG@1XWiA43254=[jE
C u Γ ` (S, P ) : τ
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


C u Γ ` S



C u ∆ ` R : σ, β



C u Γ ` E[R] : τ, α
C u Γ ` (S,E[R]) : τ
Π
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∆ = Γ
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E
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C u Γ ` R : σ, β

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Π
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C u Γ′ ` Q : σ, β 5
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C u Γ ` S
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C u Γ′ ` (S′,E[Q]) : τ
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C u Γ ` R : σ, β
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R = (λxMV )
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Q = {x7→V }M
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C u Γ, x : θ ` M : σ, γ



C u Γ ` λxM : θ
a
−→ σ, δ0


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C u Γ ` V : θ, δ1
C u Γ ` (λxMV ) : σ, β
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
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C u Γ ` {x7→V }M : σ, γ



C ` β 6 γ
C u Γ ` {x7→V }M : σ, β
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C ` a 6 γ
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β = a ∧ δ0 ∧ δ1
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R = (unfold `)
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Q = V = S(`)
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?N[1X
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
s
48?AywJH4=?jXCF£Ljc1<4=J>}j4=XE>/d?E
C u Γ ` V : σ, 1
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Q = ((set `){x7→`}M)
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